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TR
DRSIGH CRITERIOW FOR CIACUMPERENTIAL RING STIFFRMKRS
FOR A CONE LOADED BY EXTERMAL PRESSURE
OBJECT
To derive basic ring losd solutions acting on s conical shell and

to apply these results to a des i eriterion for circwnferential ring
stiffenars for & come leaded by sxternal pressure.

"ring" lond.tnc )-alnunu
J on & cone
in Appendiz. Ry Wdum the
corTesponding solution for a "rimg" load of horisontal force was obtained.

2. Ry making suitable assusptions, tis results in paragraph 1 were
applisd to the formulation of a m oriterion for eueufmnml ring
stiffezers on a cooe loaded This
developed in Section II of tiw repart.

3. A swmary of the purtinent deeign information inciuding the
Teastion force on a ring stiffensr, spacing of the rings, and stresses
in the coms under a ring is presented in Section III.
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I. DIDCTION

Although considerable attenticn 'is besn devoted in the 11terature
to the study of cylindrical shells, t'c momewhat more diff: t problm
of a canical shell has roceived far ls . attemtion. In 'y
Anformetion mecessary for the design of ) ring |
for ecnical shells doss not appssr readily available.

This report containe a derivation of the stress correspond-
mhthmomd‘ﬂnm ed shear,
A deslgn 3 1 rings with ar(
1s sarried owt which utilises this results of tiw basic -m-Lu-um

n:-mmmmmmwmﬂ 'hilw

being -—A
Howaver, n,y to the
ring -u.zr-r- ounw to the pnc-t nwm!.clﬂ of the
cross-sestiosal geoastry of the stiffensrs. Should a amalysls
of a ring stiffeser with & more [ be
desired, wuch of the information already obtained ia this s be

Dave of & demign ariteriom for ci
runm-ncmumum:unpnummt The
stress analymis for the ring loadisg of & cone is carried ot in the
Appendix .,
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II. DEVELOPMENT OF A DESION CRITZRION FOR CIRCUMPERENTIAL
HINO _STIPFIRONS W A CONE UNTER IXTMRGY PRESSURE.

A. Statament of the Probls

Consider & circular cim whoss srosé-#siiiss 18 Lllurireted be Figers 1,

i
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FIQUBE 1

The cone ia acted upon by axternal presswre P‘, and the net vertical force
uconnuundtob‘hdmw the foroe F sprlied to the upper and, as

in Figure 1. Circumfersntial ring stiffemers with cross-sections
muu-.muym shaded bands are to be spaced along the slaxt leagth(?)
of the oane.

Altbough the lower ssotion of the cone cam be olosed, we do aseume
that '.hc rings are spaced at sufficieat distances from the vertax ead

the e support of the cons, and from sach other so that end effects
or interaction effects ars negligible.




B. Radial Dsflection of a Conical Shell wder Extermal Presswe, Fy.

Consider the deformation of a conical sbell (with mo stiffemers)
wnder external presswrs, Pp, as illustrated in Pigwre

9 .l"

-
v
L
FIOURE 2
Lat us consider the deformation at r = &, and dafime
ten =1r .
@. = 5 0500 0t
The 1 or redial u,

( in the incressing

r ~direction oan be fowsd in the Appendix. In particular, frem (A4-)10,,
. R S Tep? (mwp).
-
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C. A Sirplified Dewign Criterion.

A simplified criterion for the design of reinforcing circwmferential
rings for a cone cnder extermal pressurs is the asswsption that the reactive
forces between the ring and the cons correspond to a uniform radial temsion,
Fp. Such an asemption neglects, of course, the effect of reaction forces
which causs bending of the ring. In fact, such an unlq:nm permits only
encugh flexibility to ensure radial di

Subject to the limitations of such a simplifisd ssswmption of ths
reaction forces, we now procesd to formulate a design criterion on this
basis. Let 81 bte the decresss of the radins r = a due to the sxternal
pressure, Pg, acting on the mon-reinforced cons. Then, from (2),

e v e (3

(Nota that in the limiting cass of a cylinder, py = 0, we consider the
presswe acting on the ends as well as the oxternal ewved surface.)

Now, lst the magnitude of the radial reactive force per unit length
of the circumference of the cone at r ¥ & be denotad by Fy.

The reactive force acting on the ring (essum.ng the cross-sectional
dimer sions of ths ring are small in comparisob wi‘h the radius, a, producec an
average compreasive force of Fpa. Thus, the corresponding decrease of the
nner radivs of the ring is sppreximstely:
2
8 o,
L W
whers A i3 the cross-sectional ares of the ring.

Finally, the reactive force acting on t!m cone ceuses an extension
of the radius by sn amount 53. In particular, from Equation (A-97),

k4
5’_ a ,/102]2 _a '4w2 p;_"’ o Py
2 &cl}ltpf l.h)].ohz
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For 11ty of di
-52.53, e (8)

smn-x- ] ./3(1 ), 4t 12 evident that 1/aX is negligible
a) sod the second verm of the bracketed mpression ia (5)
uumun-rumm.dmuw-umnnmw
loTe,
e

TN L £ :'; nlt-vey

2Eh .‘/1 . p?

LRS ) oo o q§d
For the cass of the smme matarial for the cons snd etiffaner,
By =k, thus,
y,{ A - i}‘ n/lem? a-vp)
”‘y""lz ' e e®

(It is internsting to note that this formula coincides with the solution
for a sylinder, -.,uto-dhﬂnuh-b "Theory of Plates sad
Sbells®, pp. L0

D. Spacing of Btiffeners Neoes: 1o Avoid Intersction Considerations.

In order *c sstimate the e ffest of the of
in inflesncing s design sriterion (7), we consider the rapidity in which
the redial peint load dies eut vit™ distamse ssuwy from he peiat of applica-
tion. PFor the range of comes which we are intarested im, it can be shown,
after some algebtra and order of sagituds convideratiom=~, thet

[
e‘ﬁ-{-} ~ /% o'e(oo-oomu),

PR { )]
where G is defimed in the Appeadix.
6
- a4 :
g = 4 s :




By examining the numsrical values of this ratio, we can draw the
following conclusions:

A conservative estixate of the spacing of circumferential ring stiffeners
such that the design criterion (7) can be spplied independent from appreciabls
interaction effectc can be simply stated. Consider a stiffensr with radius
"a" and let "A¥ be the slant dictance between the given stiffener and ite
adjacent nsighbor. If interaction of 5 percent of the radial displecemsnt
is tylerated, then:

Case 1, 1f the stiffener has only one adjoining neighbor, we should
have

B C e (10)
o

Case 2, If the stiffener has adjoining neighbors on both sides; 1.e.,
it 18 a central stiffensr of three equally spaced atiffensrs,

L
[ ) — e
= r———. o . M)

III. sm:\m OF A DESION CRITSRICN FOR cm:vmnnx, RDO
IFFENERSON A CONE LOADED BY EXTERN

Subject to the approximations discusisd in the precrding sections,

the eorrupondin¢ d-ngn criterion for circmmfersntiel ring stiffeners
on a cons xternal pre-sure can te suwarised as followss

A. Reactive Force on the Ring.

The reactive lcad acting between the ring stiffener and the cone is
determined in terms of the applied pressurs from

. 7\\/ =P, t -‘;-l'ﬁ}’;)__, @)

S N e o S ——.




= Reactive force per wmit length of circwm”ersmce {acting horisontally)-

P'-kurnlprc-nn atting on the cone
% = Thickness of the conisal shell.

V' = Poisson's ratio for the came.

xs = Toung's Modulus far the cone.

Ey = Young's Modulus for the ring.

A = Cross-sectionsl ares of the ring.
@, - Cone angle (Figure 2)

A= Y Whare a is the Tadius of the cone st the locatim
ah of the Ting stiffenar.

3. Spacing of the Rimg Stiffeners.

An orTar of less than 5 peroemt is made im waing (12) z--nqm
stiffeners, provided the stiffemars sre lecaitd ®d" distance spart where &
is measured along the slant length. The value of d is given by

Case 1, a> _2
‘iﬂ- EEERERN ¢ &)
ain )

if the stiffener tms only one adjoining neighbor.

Case 2, a
< 7\7'";, P ¢ 1]

if the stiffener has adjoining seighbors om both sides; i.e., it is &
central stiffensr of three squally spaced stiffensrs.

et




G. giresses in the Cone under the Ring Stiffener.

The strcsses in the cono under the riny stiffener are okbtained by
superposition of the effec.s wue to the erternal nms"ure, Pg, and the
reaction force, F. This information 1s containod in tie Appendix,

Equ:uonu (A-90) through (A-109)}. ConciuorinZ !Lo range of paraneters

h ie of practical interest, one can simplify theses cxpressions from
tho ardcr of nagnitude arguments. The following approximate formulas
for the stresses in the cons under a stiffener are qbtained:

1. Bending moment resultant, H, .

vpm I /g,
| et — Ce e 19
2. Shear stress reeultmt,(Q .
QR=T12r, g, o o
3. Stress resultant, ll; .
- Pg a
n,zol/zr,eo-g'u-m: 9o

L. Stress resultant, Ng .

Yo ﬂ,_{: veon @, -xm:}

{16)

. n

aP,
Fr - mla .
SEP,

°
. (18)

5. bleridionsl beading "‘""'trfb
Oy g5 =24 '“io
¥3 e r . ..

Definitions of the atress resultants, etc. are given in the first sectian
of the Appendix,

. Q19
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appendix
v swemrize the o leading to the lolutm for ring locdinu
of a mht :lreuhr cone. Anformation is intended to provide t!
sdgner tl and used in

wndarlyine
solution nnd 4 Teview of the nommnclature used.

I. Basic Equations of a Linearized Thin-Shell Theory for Axtally Syrsstric

Deformation.

In this section, we shall summsrize the basic squations of a linearized
thin-stell sheory as formalatad by E. loilmu [l] Dus to the axlal symmetry
of the geometiry and the applied load the basic equations will be directly
modifisd to the case of axially symmetric deformation.

1. b of Stress N and Cowples.

It is oonverden. to introduce curvilinesr for the
of the middle surface of the shell. A point Pon the shell of mlnu.on
unhu-crsub,awwmur-;m.nnmumu A point
P* 1lying An the mmtntmtnm.mﬂ«mhhm&hﬂrﬂauv‘
tcth-nmamhe-by.thudp.n—urfmd the to the
mddle surface passing '.hrol:h P'. ey obvious physical restrictions of

the shell, the parsmeters¥.8 ¥ muuu a» orthogonal cervilinear coordi-
nate system which describes uniquely everv -oint in the shell.

2(})

- )
/ AM. 1877 G
FIGURE A-|
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Now consider a curvilinear slement of the shell as shown in Figure A-2.
The thickness of the shell, h, will be assumed much smaller than the princi-
pal Tadil of curvature of the curvilinear elemnt of the middle surface;
bence, the variation of the lengths of the sides of the slsment in the thick-
ness dirsction will be M'l.e“d The ocosfficient o< is found from the
relation

ol a (012 + (2002, (a-2).
where primes dencte differentiation with reapsct to %.

Pur Ay . the only 1 stress
are he nmlhnt stresses and eo\l'pl.l due '.o these
n.r.-ul lman h ﬂ Jﬁ he principal radii of curvatvre ars

defined as follows:

Ny = [y
¥ L /zcrio’z'
N.' h/Zq_ di
~nf2 Q -
(a-2)
Q = R/2
f -h/z-r" J z
0 no= h/2
; -t:/zza-;d'Z
My =

It is convenlent to introduce the additional n
Figure ande Tne external stress veotor considered cting on the midadls
sur{, idus to the thinness of th. ln.l.l) vul be considered LR resolved
into a vertical
horizontal and vertical stre
introduced whereby

v-emn Nand ¥, rnp-cuvd? Wl be

Vg =Hoosp +Vang (a-3).
R =Eang+Ves g



FIGURE A-2



FIGURE A-3

FIGURE A~-4
AM. 1879 G




2. Strein Components

To describe the components of strain it is convenient to refer to Figure
Subseripts "o" are used to describe the elemsnt in it%s undeformed posi-
tion. Furtharmore, in addition to the smallness of h, a second basic
assumption 1s made ~ namely. a normal sleswnt to the undeformed middle

surface is carried over (num- change im length) into a normal to the
deformed middle surface.

The displacemsnts in the redial and axial directions ars denoted by u and
w, respectively. Thus

rEryvu (Ad)
=B ew
The two principal strains, ¥ and €@ . can be defived in the

wsual
manner of thin shell theory in which at most a linear variation of the strain
a8 the thickness is assumel. Thus

€o = Egm +TKe (a5
6 = €pu +TKy

3+ linsariced Theory - Basic Relations

The linearised theory which will now be considered originstes by setting

G=20,-8 (a-6)
and linearising with respect to . Furthermors, in the equilibrium equations
Do distinction is mde betwesn deformed and the andeformed element. The
‘basio relatioxs which are used in the linesrized theory are as follows:
Horiscotal snd Yeriloal Strase Remuiania

l’ = U cosh +Vmng, (a-7)
Q =~E sing} +Veos @,

T e




Force apd Memeot. kaudlibrium Equationy
V) +rep, =0
(r H)I-ul.érud’n-o (#-8)
(r Hl)’ ~w(con ff,) Mg+ roc(il singh, - ¥ cos @,)=0
Linaarissd Sirain Comonenta
Som v )
Sm" p.{ -Bang,) @ + é)

K '/e,/"‘o

¥ (A-10)
Ko -(,6[ cos B)/k,

w = E,G,m—r.’p (A-11)
Stress - raln Relationg
% -\fb (Eyw + U 6gy )
%t By (Ggm + UEpm) e
x! ; D (K, +UKy)

Mo & D(Kg+ v ity)
o -}9/1:(1..#)‘

Where U" and B are Potsson's ratio and Youngf.o modulus, respestively.



Comatibilisy Eouation
",‘l”\ = ('b‘bn), - - .’p (a-13)
4, Reduction o Two Siamltaneous Zquations

The buie relations -—rxud in the prmoul section can be combined
into two 'or tts case of constant shell

thicimess, b, m- system oan be mnn u.

(r/e)’ (e ¥ _ (<)
8"+ ey P -9 (rf:)]'e

v B ,ﬁ_ . P '(PV)

YR
S”"'%—,%))— [( )_,ru} (A-14)
-=ae - -([EferT e A
[ B ] ) ey

WM:* -2 (=)

and weH

w = En .
&7
T o
i o g e Gl




II. Gensral Solution of the Linsarized Theory for a Cone.
1. Ourvilinear Coordinates for the Cone.

The particular curvilinear coordinate system for the case of a ocnicsl
shell is indicated in Figure A-5.

£
Y
)
T/,
) / "
P e ‘
PIGURE A-§
The middle surZecw of the oone is described by @ end
TP l;‘ L N
2- 43 (aa25)
woare
tan @, =1/p . (a-26)




It 1s evident that r%/m/ = pp .nd-(-a.rrw_
Purthersore, cos P,= "//W and stn @y = l'IT?’—P?—

2. Gensral solution of the basic linearised equations.

In order to solve the basic linearized equations it i l'-uillnry to find
a solution to tre system of squaticns, (A-14). This is done by combining a

partdcular sol of the system with the general solutiom of
the homogenecus systea,

The “mesbrane” solution 1s tei .n as the particular sclutlon of the mon-
homogenecus system. In particular, demoting by She subscriti “w the quanii-
tles to the are

PPr

Bm=0
.Y (r¥) = (V)
s ™ B
The of the system of
(A-14) can be cbtained by the well-known process ol asywptotic m.cnuu.
Such & solwtion, valid provided the oome 1s not %00 shallow, can bs wr'siem

as follows:

Ay y&_{e (A.NMOOAIG-:.-O)

«e (Byg con G = nlgnna)]
Yy = !-‘( o086 #n 0)
u#_{ o 008G ~og a-18)
¢g"‘(|,, win G ¢ By oo o)}
i L?qyl’v,zx(ﬁ-f:)'_

T gemaral salwilen Por the senlsal sesbien sn e wriiies o

B7Bu tBwm “ (a-29)

‘/"‘Pu“‘/’»\ s
&9

/&

oy




Thus,

. -6
- e (A cos 0 +A ain0)
ﬁ ﬁ { o c

+ .“(Boc cos G - By sin u)}

‘P=y"l_={ € % (a1 008 8 - dgo stn O) =22k

+ @ (2, 1an 0 + By cos a)}

+ W5 (V)

The conatants in (A=20) must be detarmined from the end or jurction
conditions ©f the particular problem considersd.

AP g o . s =




III. Solution for Ring Load of Normal Pressure.
For "ring" loading of external normal pressure we choose our coordinate
description as is indicaved in Pigure A-6.
. !
i ~h
-

i e

v e

FIGURE A-6.

The vertical and borisomtal componsnts in the convention defined in
FPigure A3 are therefore

Py = P oon P 2§ +8 (a2}
-0 1< |fl< e

N= Paun@, ET S T RY (a-22)
=0 .<|‘|¢-‘

Sinoe the applisd load is pot self-eqnilibrating, iy 1s necessary to pro-
vide an sdditicnsl swpport at the ends. Simce we are only oconcerned with the
local effeeis of the ring load, without loss of ascuracy we shall sssums that
mmmmu:muwby.nmmw.enn..\}--n.

Aad)




Hence, we assume
V) =0 Ic -8 (a-2)
From the first of the equilibrium equations, (A-B), we find
V) - -J'rlf.l"“ - -fl rr' P}
-0 , € -s (A-24)
“=p ) - [-(-)]2} . -sS§Es

= 2p P2, FDs

Sinoe the solution must be bounded at top and bottom of the cone i% can
be seen from (A~20) shat (subscript "n" for mormal "point load®)

ﬂ’y-,[—-{ € (Apycos G + Aysin6)] s
A-25
¥ -yl—-{ (A cos6 -Aoﬂslns)}+€_g(',v)

for § >0,
and,

B= [ (B w03 G - Bmsiv\G)} (A-26)
I -y-—;==-{e*°(a°" SnG + Bacos G)? + %%(rv)
for ¥<o0.

The four constants Bop and must be datermined from ocndi-
tions as = 0, From ol ‘qn' ;’n' c:! 3 we require [
Pad Blav Eeo. rh-u oonditicns impose the resirietions, respectively,

AL "B, (h-27)

14

and
Mun * Bn m 20 (A-28)



The two remaining conditions must be by force afs0,

ince on physical grounds it is evident that N} must be continuous st}~ 0,
it rouon rr- (A-D) and (A.-.n.) nut the quantity' Ne mist also be
Ny Ampliss contimiity of (rNp)which in turn
trom (A7) a-;uu continuity of (,-E) oo-*‘(r')‘m* Therefore,

”"‘s-o{["*’t-s -] m¢,}
- 2m -[ G T }5;“.

From (A-1k), (A-16), and (A-24), it follows thad
o “E&“ [‘/’;.5 - 50;.-5]

- lm (2p$M2). . (4-30)
[ 4-]

From (A-25) and (A-26),

[#ges - #pans) )
=y+.(A,,-B.,) + %{I;Isiio(—zr,sPl’):
Thus,

—%( Am-B..\) = E:o 2asP (1+p]) (A-32)

500

mumnrndhmmunotthhnh
m?ﬁ in (A-8). Again from contimutdy 1% fellows that
(rl) lM [¢ + rec(l sinfl- ¥ cosdh) mest be comtinuous at 2 = 0,
Thus, sinoe the comsinuity of rﬂ) Ampliss the oontinuity of y/ + W have
b cnmm

213




lim  Yries = b Wy (A-83)

5»0

Applying this condition to (A-25) and (A-26) and utilisi~g {Ae28), yielde

P (An=Bum) = = 16 /3R YTFFE Aon, (A39)

The uanumu.y of (rM))* + ru(ﬂ sind}- ¥ coeff)) can be shown to
follow from the preceding go

The total surface ares over wnich the applied load is acting is HW&LS VT +p.
Thus, Af we define F, as foroce per linesl inch o} the Clvcumgerence of
tre cone at. ¥:0,

Fn = 2a&/T#pr P (A-35)
By definition of ths ring load concept, we therefore write
|d'm 208/ "P" PsFp (A-26)
We therefors have the four oconditions:
Aon™ Bon
Apg® Byo® 2hgy (A-37)

An- Bun'ggr— avl +p’ Fy

n(An-Bu)= - JEE 7 Fope A

(¥e note that for the eylindrhll oasy, p,= 0; hance Agpe O and the well-
inown cylindrical result is obtained.)

The system (A=37) lesds 1o the following values of the ocoefficients:

% Y
= Byp= = + am T
Aon™ Bon’ _m%f_ﬂ/h

o ERY e - wiBfE ) v (a-28)
s (AR YT i wlpge e,



The tolution ix ow complete

N the funotion

and
(A-26), and (A—;a)-

in
whish are now

that all informstion can be cbtained from
defined by B

(a-25),




IV. Solutiom for Ring load of Shear,

Tor *riag® loading of sxtermal shear we chocse our coordimate deseription
as indicated im Figure A-7.

FIOURE A~7
a The vertical sad horiscatel compommmts of ihe applied load are there-
ore
Pv = Ssing, ~asE<s (A-99)
= 0 s<|f|<oo
Py = Scosg, -salk<ss (A-40)
-0 s<|§l<eo

A-16




Agatn we will assums the umbslamced vertical cospomeat of the applied
load is balamced by a vertical lead actimg at Esen, From the first of the
equilibrium comditions

V) = - [hwpdp= - [tar8d}

|
= O ’ o E < -8 (A-H) !
2 ~2S[Ers+B(FSY)], -S<EsS .
a-22888 » E2e

From beundedness of uh\lon, it again fellows that (subecript ®s® is used
for -h-r ®ring leading”)

]"’"[ (A“cosG + A.,smﬁ)}

-¥
‘/"V— {. (Mscos6 - A“smG)} V) )

= for E>O.
p-g-l—{e “( Bug o8 6 = BysinG)) (A-43)

w ?E[e'.(BMSI“G*Bls@‘G)} + —"Er(rV)

for <O,

of

again
the two relaticas,

bia

Los = Bou

h ’L-

-2

o nap ot § =0, yiaids

(a-lb)

(a-b5)

vy of she stress remultamt Q for this sass of leading is evidmt from
plysical semsiderstioms. Thws, simce (rQ) mmet u.\n be comtimueus, from (A-7)
14 follews that (r#)singf- (. v} coaffi, mmst alse be semtimnous, or
lun {[(FH),

(rH)p___ ] 5m¢,}

(A-4e)
- hm. ([(r'V% —(rV)g s] cos ¢.}
417
4 T
=4 Fe Lot ag @ :




Utilizing (A=-L1), this conditiom cam be writtem as

S Um{ Hs — Hes] = —lim 2paeS. o)

But,

lim {1es = Ype-s}
= g=(As-Bis) + T lim (2275 5), 00

Suomtituting (A-h8) Lmto (4-47) ylelds the comdition

Ay = By, (a-h9)

The final comditica can be sbiained by eoutdm.u the remaining two
oqvinbﬂ\- equations in {1-8), Comsisteat with the precedig sssumptions,

must ensure the comtimuity of (H:‘:' nd ()} - .:.Ng It can be shown
th@ (xity)* 1o are The
final conrdition can be statad as

lim { (Mg OHE

. N (a-50)
Pl { %g=5) N"(t--s)}
Since eh\ 1s comtimuous, it follows from (A-12) that
o = {Nogguay ~ Negy...}
(A-51)

=l (Mg~ Mg}
Thus, (4-50) becomss .
B limo (¥hee = Yans]
M(¢°'¢)l'm {( I" ( )i 1.—52)
+ °,_,.r(sln.%)lm»\ {(.I'l) _!)I 5}

A-18



Equations (A-ll), (A-bS'

s (4-9), wnd (A-52) determine that

Bog " Pog "4y " By, (A-53)

! -ﬂbrﬁymmb’fum 2258,
YER/am S0

We again imtroduce the shear force per limear inch of circumferemce at E =Q,

Thea,

Fy = 2as/T+pr & (aesh)
Aoe = By " Agy " By, (A-55)

- ATl
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V. Behavior of the Comical Shell at the Ring Load Location.

In this section wu shall oslculste the quantities particularly useful for
design information.

4. Conical Shell with Ring Loed of Extarnal Normal Pressure.
‘The general solution of this case was carried out in Section III.

Before carrying out specific calculations, some mimplification is provided
by introducing the well-inown quantity,\, where

A = TEED L a5
Vak~ =~ Jz2eh

Then the coefficients in (A=38) can be written as

Aon= Bon = _E@ AFn

A =-{REIITER VIR ), (451
s.,\--[u-gﬂ 7\ + —Eﬁﬁx Fn
Mhlmn,
‘l»n.;KIF
G(o) aAY T e

1., Evaluatien of banding womsnt )( (0}«

M = (K;+VK6)-D{A+W,BM}

Mx‘°’r{m"§%&w '@5} n (A-38)

When the cons is the limiting oase of & sylinder then p,= o and H¥ (0) has
the well-known value Py /4 .

2. ZIvaluation of the shear resultants, Q (0).
= = ~(rH) sin@ + (V) con B,
3

\d
- “~Ain §=0
s A-59)
] = a2 Q"
o Big ®
A-E0




\ =o'
Q‘{?ﬁ—glﬁh - F}Fs ¥eo (r-60)

iT.i?ﬁF + - {Fa » Ee07

3. Evaluation of the stress resultant, N; I

I’N; s I'HQS%'O- l"VsmO.

(Npyg = 7‘%”“" + /R (Ve
= - -—%q + -&L}Fn at §=0 (A 60

e - Fi
g .-:zmi‘??fm'* iR !

L. Bvalugtion of the stress r..ultant, Ng

-9

¥g 1s contimucus at f 5,0 md

Ne = ¥ Py + (eHY (A€2) l
Nejy.q= ‘Tﬁi‘m:r- AT

5. Evaluation of the radial displacemsnt

ll¢
Uy ™ Telompao = '%.—(No—VNIS;-o (A-63)
- & { Ayl + eI

6. Evaluation of the vertical ddeplacement Wiy )
o' oy =i = B (N v No) -2 B
- “ﬁ‘ﬁ(‘-h“s‘)

wip- wiw).= Tf'n +epit ‘Mp(pa-a» c

where C ==
Th % Fx0 |
?v(;\ w(-) -5‘31-,-‘“4 +a.(p.4» )j:ﬂ(nd B (Aot
. .
o\ " i

I B, - iy



7. Maximm meridional bending stress Ty i1
At} =0, ve asqume Ty varies 1inesrly scross the thickness,

Tt~ WED) % as)
Mg ‘%w‘ﬁz -k
i - ﬁ,‘.%s’@mr + Y, (v

8. Hoop strees, O’M, at
ny.q) = (N, F=0)

(et - SER, 0

=
B. Conical Shall with Ring Load of Bxternal Shear.

eneral solution of Whils ese was carried out in Sectdon IV,
ln'.rodmml in (4-55),

Aoy By " Ayy " By,
. _NLW) AFs )

1. Evaluation of H (0).

MFSD{ +Vp—£} D‘&:“IV. 1+

= = {1=4v
Myggey® = SEE— tato)

2. Bvaluation of the shesr resultants, Q(0).
Por this losding the shear resultant Q is continuous at= 0,

Thus, tY
Q)-o T TV%

B vFa {4-70}
Y Yivpr

A-22
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3. Evaluation of the stress resultant ‘!(‘.o)
(Wp)s. o = 1—&"7’,-‘%: + JTPE (V)g=o®
(e -2} s
Mo = (T fmer e 3 &)

Npyo ™ ePRBi + /PP (Vs

Ny gy { a5
Imluation of the stress resultant, Ng .

No =+ Py +(CHY

Nogge oF {-EL +2.a7\7'u»_7}—\3,|§;? (a-13)
Nty {L —2aYTFpT jﬁ% (-1

5. Evaluition of the radial displacemsmt Uy o

Uyo= -Ei'-‘_(Ng uN;)) 5

_Em%‘* v -
{ 623, P ] Eh (a-75)

6, Evalustion of the vertical displacement, \-l,_o .

W(oy-wis)= m+4ﬁ*))t§a;-_u%a . (A8
Te H-ﬂ- meridional bending stress.

!-0) = "ﬁr"‘i(;.o)

e +B
8. Hoop .tr-,o"“;t F=0

Guiidy ENs(reo)
i -i% + zuyﬁ.‘}-ﬁ"ﬁf— ;’ﬁ" (a-73)

W’”Q- -~ ~%_9_;7\y14.—§;|r' - 5 Ei (A=79)

149

(a-72)

(a-17)

AT

%\ T

st



VI. Asymptotic Approximation of the Integrals Involved in the Kvaluation of W(0).

It was shown in the previous ssction that in both ring loading cases, the
vertical d.hplu:.antw-'.[-Olmlv- svaluation of the integral

Berd}y

In twrn this involves the u union ot the two intograls I, and I, where

-f“ 3 dE (a-80)
g sms
" gad B W w-za)

Although these integrale cannct be svaluated in closed for.., it will now be

shown that a very accurats approximation can be found for I and I by consider-
ing the asymptotic valus of an equivalent integral.

Lot )¢ 11, r—‘;;&_— dF (4-82)
Let g (F-/u
— R 5'*"-‘
&G-’-Egdf and ¥¥ = JG-D-
where X~ g/= J= (a-83)

Substitution of these reletions in (A-82) and letting G +Y = t, yislds the

valent £
squivalen or! 2 !((l—l-)rﬁ -‘t(l-\’)dt (=)

Cince Yis very hru, ti.nd an umwue approximation for (A-8h).
Succeasive integration W parts,

PUCTI -vm-u) T { Py 7T ] (a-85)

m L(1+1) +§§ Q+Y }

pm-, 7ields the desireuapproximations,
zu\ga(l-i-ﬁ ) (a7
B -y (MBS
I‘*"' 2&.7«.9&.(\*?\'3 t e Yale G5
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VII. Superposition of the Proceding Cases to Obtain a Purely Radial Ring Load

The results for a ring load of external pressur: scting in s pur
radial direction can now be obtained by superposition, In fact, tha case for

a ring load of redial pressure P, corresponds to adding algsbraically the
results for

Py = B Sing, .
S =- p,&sﬂ' {a-29)

The basic numerical results for the case of external ring load of radial force
are listed below:

. M;@:{E%% + (e %99
2.Q(O*')={—‘é%‘3%lr = -é—-} ]T';-—'Pll— (r-9)
(i e
NG -{E%'ggp;,. - “E—] i (4-99)
Ny(o)= -{% + -gu} 7,;:':,,' (29
LGRS .
N.m;[zg%,%,— - B - 2V 7 (%9

5. ()= —G&%F - lﬁz‘@}% (A-87)

- 1-16u™)p - T Fr
6 Typ {6%. S i iz@'} 7 (+-28)

Fy=[ (t%vipa _ l - :
)= it — P2 -MEE. = }h e (+109) §

A-28
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H;ﬂWn N
W)~ wies) = MO afpad) [ w0y

Hovever, in this cese,

0, (4-102)
P

_[75({)&} -Axl, + Apl, (a-203)
here o (1) 78

Aor = BEh/I+P; o M:iw?

A ={_ (x4 pa atya W o

, Ww { 8 ER /1 P + Er ® (A-05)
Theretore,

- e A L (v Yii-p }%(
w(o) ~ W(0) { avhi+p; +%§+"ﬁ'¥ﬁ;&‘ 4-206)

VIII. Cons under sxternal pressurs, Pxe.

For a cone under external pressure F§, the well-known membrane solution
swpplies. In particular,
Pm=©O

- mﬁl.;‘ Py (a-tom)
Thus, % 28K

Ny, e — -l’—EL /ITPT (A-108)
2 .
New=— +RevTFpr (a-109)

The displacements can be caluclated as followss
.“_‘,".o = ‘@:m)g-o =€§(N¢N-V'N;m)!.°

= - 1= (4110}
Alse,we tave | Eh £
Wi=a6m (a-111)

mm'\N(o)_w(R) . —a,fel,“d; = %;?ﬂ(#zz*- R)Pg. (aa122)
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